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ABSTRACT 
P61ya's enumeration theorem counts the number of equivalence lasses of mappings 
of a set D into a set R, where equivalence is defined by means of a permutation group 
G acting on D. The elements of R are called colors, and the equivalence classes are 
called color patterns. The paper counts the color patterns that are invariant under a 
given permutation of the colors. 
Although the notation and terminology of this paper will be explained 
independently, they are the same as in the exposition [2] of P61ya's enu- 
meration theorem. The theorem proved below will specialize to Pdlya's 
theorem if the permutation h is the identity, and its proof will be along 
the same lines as the one given in [2, Section 5.8] for Pdlya's case. 
Another special case (viz., the one with all weights equal to 1; see 
Example 3 below), was given in [3, p. 155]. 
Let D and R be finite sets, let G be a group of permutations of D. 
Any mappingf  of D into R is called a coloring of D. Two colorings f l  ,fs 
are called equivalent iff~ =f~g for some g ~ G. An equivalence class is 
called a color pattern. The color pattern containing f can be denoted 
by fG. 
We also consider a single permutation h of R. 
It may happen that a color pattern f G is invariant under h, that is to 
say that hfG =fG( th is  does not mean the same thing as hf=f ) .  
Let P be the set of all patterns, and let Q be the set of all patterns invar- 
iant under h. 
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To any element r of R we assign a weight w(r), which is an element 
of a commutative ring containing the rational numbers. To any coloring 
f we assign the weight W(f), defined by 
W(f )= [I w(f(d)). 
deD 
Equivalent colorings have equal weights; hence we can define the weight 
of a pattern F as the common weight of the colorings of which it consists. 
THEOREM. The store enumerator of the color patterns invariant under h, 
viz. 
Z W(F) (1) 
FeQ 
is equal to PG(21,22,23 .... ), where Pc is the cycle index of G, and 
2j ~- • w(r) w(hr) w(hZr) . . .  w(h j-1 r), (2) 
~'ER,hJr~r 
(the summation is ouer those elements of R for which hJr = r). 
PROOF. Let S be the set of all coloringsfsatisfying hf~fG.  From the 
fact that G is a group it follows that S is the union of all equivalence 
classes F which belong to Q. For every fc  S the number of elements of 
the class to which f belongs will be denoted by Nf.  As in Burnside's 
lemma (see [2, Section 5.3]) we remark that N: = I G I / I Gf ] , where Gf 
is the group of all g c G with f---- fg; furthermore I G I is the order of G 
and [ Gf [ is the order of G:. It follows that (1) is equal to 
E W(f)(Nf)  -1 = ]G [-1 y, W(f)  la : l  " (3) 
YeS $~S 
For each f6  S we can select a gf ~ G with hf = fgf .  If k runs through 
the group G:, then kg: runs through the set of all g ~ G with the property 
that fg ~-fgI. Therefore, if f6  S, the order of G: equals the number of 
g ~ G with fg = hf. It follows that (3) equals 
] G ]-1 Z Z W(f), (4) 
e~G feU(~) 
where U(g) is the set of all colorings atisfying f6  S, hf = fg. From now 
on we may drop the restriction f~ S, Since this is a consequence of 
hf =fg. 
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Let g be a permutation of D, with bl cycles of length 1, b2 cycles of 
length 2, .... We shall evaluate ~f~v(g)W(f). We choose elements 
dx ..... d~ of D, just one in each cycle. I f f~  U(g), and if j(i) is the length 
of the cycle to which di belongs, then f (d0  is a color satisfying h~f(d,i) 
=f(d0 .  This shows how to construct all f6  U(g): We choose 
f(da) ..... f(dk) arbitrarily in accordance with this condition, and we 
define f (gdO = hf (dO, f (g2di) = h2f (dO, etc. It is now easy to deter- 
mine the store enumerator of U(g) (cf. [2, Section 5.7]): 
k 
Z W(f )  = H 23(i)= )~aJt~  .'., (5) 
fe U(g} i=l 
where the 2's are defined by (2). Substituting (5) into (4) the theorem 
follows. 
EXAMPLES AND APPLICATIONS: 
1. If h is the unit permutation, then 2j = Y,r(w(r)) j, and the theorem 
becomes P61ya's theorem. 
2. If w(r) = 1 for all r, and if h has c~ cycles of length j ( j  = 1, 2, ...), 
then 
~k = Z jc~. 
i lk 
So the number of patterns invariant under h equals 
PG(Cl, cl + 2c2, C 1 -~- 3C3, Cl + 2C2 + 4C4 .... ). 
This was pointed out in [3, p. 155]. The special result PG(0, 2, 0, 2, ...) 
for the number of symmetric bicoloring patterns as already been given 
in [1, p. 67]. 
3. We want to color the faces of a cube with colors r l ,  ,.., r6, each 
color appearing on just one face. Moreover we require that the colour 
permutation rl-+ r2, r~--~ r l ,  r3---~ r4, r4---~ r3, r~---~ r6, re-+ r5 has 
the same effect as one of the rotations of the cube. We ask for the number 
of possibilities. Assigning the weight wi to the color r i ,  we evaluate the 
coefficient of WlW2W~W4WsW6 in 
PG(O, 2wlw2 + 2w3w4 + 2wsw6, O, 2wl~w22 q- 2w32w42 + 2Ws~W6 ~ .... ). 
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Since 
PG(X1 , X2, X 3 . . . .  ) = 2A~ (X16 _71_ 3xlZ x2 q_ 6x1~ x4 -k 6x2 3 ~- 8x32), 
the required number is twice the coefficient of wl . - .  w6 in 2(WlW 2 
+ w3w4 -k wsw~) 3. Therefore there are twelve possibilities. Indeed, by 
inspection one also finds twelve solutions of the problem. They can be 
described by the condition that of the three color pairs exactly one occurs 
on two opposite faces. 
4. Assume that / / i s  a group of permutations ofR, and that D, R, G, H, 
w are such that W(hf )= W( f )= W(fg) for all colorings f and all 
g ~ G, h c H. As in [2, Section 5.9] we now consider colorings f l ,  f2 
to be equivalent if g 6 G, h ~ H exist such that fag = hf2 9 Now the sum 
of the weights of the equivalence classes can be shown to be 
[ H 1-1 5", ~. W(F), 
h~H F~Q(h) 
by Burnside's lemma (we write Q(h) instead of Q since Q depends on 
h). So by our theorem this is 
[ H [-1 Z PG(21(h), 2~(h) .... ). 
hell 
In the case in which all weights are equal to 1, this result reduces to 
Theorem 5.4 of [2]. For more general weights there is some overlap with 
Theorem 2 of [1]. 
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